Introduction
The aim of this article is to give a survey on recent results about moduli spaces for curve singularities and for modules over the local ring of a fixed curve singularity. We emphasize especially the general concept which lies behind these constructions. Therefore, the article might be useful to the reader who wishes to have the leading ideas and the main steps of the proofs explained without going into all the details. We also calculate explicit examples ( for singularities and for modules) which illustrate the general theorems.
Following the general philosophy explained below, we give a slightly different approach to the construction of moduli spaces for modules as in [GrP 2] such that it exactly fits into this general frame. Moreover, because of the ·new results about quotients of unipotent group actions from [GrP 1] we can extend the result of [LaP] about generic moduli for plane curves with fixed semigroup < p, q > to the non-generic case by fixing a Hilbert function of the Tjurina algebra.
A general method for constructing moduli spaces is the following:
1. One starts with an algebraic family X --t T with finite dimensional base T which contains all isomorphism classes of objects to be classified. This is usually, but not always, a versal deforrnation df the "worst" object.
2. In general Twill contain analytically trivial subfamilies and one tries to interpret these as orbits of the action of a Lie group or an algebraic group acting on T.
In fact, we start with a (infinite dimensional) Lie algebra .C which is usually the kernel of the Kodaira-Spencer map of the family X --+ T. In the cases we are going to consider we are able to reduce this to an action of a finite dimensional
Lie algebra L such that the orbits of L ( or rather the group exp .C are the isomorphism classes of an object.
3. If it happens that there is an algebraic structure on the orbit space M = T/G such that the G-invariant functions on T are the functions on M, then M is the desired ( coarse) moduli space. But usually this is not possible and one needs a strification T = UTa such that Ta/G has this property. The stratification will be defined by fixing certain invariants of the objects to be classified.
We shall discuss three special moduli problems:
The classification of irreducible plane curve singularities with semi-group (p, q) (cf. [LaP] ), with semi-group (2p, 2q, 2pq + d) (cf. [LuP] ) and the classification of torsion free modules of rank 1 on the local ring of an irreducible curve singularity (cf. [GrP 2]) . A basic ingredient is a criterion for the existence of a geometric quotient of a unipotent group action (cf. [GrP 1]) which we have to discuss first.
We give an outline of the arguments in all three cases and explain the main steps of the constructions. For complete proofs we refer to [LaP] , [LuP] If a geometric quotient exists it is uniquely determined and we just say that X/G exists.
By a general result of Rosenlicht which holds for arbitrary algebraic groups there exists an open dense G-stable subset U C X such that U / G exists if X is reduced. But U is not uniquely determined and it is not at all clear how to construct such an open subset.
If G is reductive and X = SpecA, A of finite type over K then AG is of finite type over K and X ---+ SpecAG is a geometric quotient iff all orbits are closed and have the same dimension. The Hilbert Mumford criterion for "stable" points ((Mu]) is the basic tool for the construction of moduli spaces in global algebraic geometry.
In singularity theory the groups are almost never reductive. In our applications the groups are linipotent. Furthermore it may happen that the ring of invariants AG is not of finite type. But even if AG is of finite type and if all orbits have the same dimension (they are closed since Gis unipotent) it may happen that X/G does not exist. 
The aim of this chapter is to describe effective criteria for stability, i.e. to give sufficient conditions for the existence of a geometric quotient in terms of given coordinates of X and a given representation of G in Aut(X). These criteria are easier to formulate in terms of the Lie algebra of G. Let L = Lie ( G). If G is unipotent then L is nilpotent and the representation of G-+ AutK(A) induces a commutative diagramme:
The best results are obtained for free actions or for abelian L. In these cases we obtain necessary and sufficient conditions for the existence of a locally trivial geometric quotient. -dDi (xi) = 0 for all i, j.
Definition
3. There is a filtration F•(A) such that 
If the Lie algebra L is nilpotent but no longer abelian we need some extra conditions on a central series of L to obtain a stratification as in the corollary: So, let A be a noetherian K-algebra and L ~ Der/jlA a finite dimensional nilpotent Lie algebra. Suppose that A = U;ezF;(A) has a filtration
The filtration z. of L induces projections Fora point t E SpecA with residue field K(t) let
(si(t) is the orbit dimension of Zj(L) at t). 
Remarks:
1. 
Hence the U 0 are defined set theoretically by fixing rank(8 0 (xß)(t))ß< 11 il i 1, ... , k and rank(8 0 (xß)(t))a?µi,j = 1, ... ,f. But notice that the U 0 carry a unique, not necessarily reduced, analytic structure with respect to the flattening property and which is defined by the corresponding subminors.
The key lemma to prove these theorems is the following: Proposition 1.5: Let A be a commutative J<-algebra and. 8i, ... , 8n E Der]/l(A) and x 1 , ..• , Xn E A satisfying the following properties:
(with the conventions
A and xi, ... , Xn are algebraically independent over AL.
The proposition implies that SpecA --+ SpecAL is a (trivial) geometric quotient with fibre Kn. In particular, AL~ A/(xi, ... ,xn) is of finite type over ]{ if Ais of finite type and every point of SpecA is stable. The proof of this proposition is clone by induction on n. The condition (3) guaranties that the elements of the :first column of ( {ji (xi)) are already in AL and furthermore this property can be kept during the induction.
Condition (3) is satisfied in our application, even a stronger one:
k=l,".,n i.e. the derivative-vector of each element of the matrix (8i(xi)) is an A-linear combination of earlier columns.
We conjecture that in case of a free action the condition (3) of the proposition can be omi t ted.
Conjecture: Let L ~ Der~1 (A) be a nilpotent Lie algebra of dimension n and 8
Remark: If we would require in the conjecture Xi = Yi, i = 1, ... , n then this conjecture is equivalent to the Jacobian Umkehrproblem.
A moduli space for plane curve singularities with semigroup (p, q)
We assume that /{ = C. We follow the advice of the introduction:
1. The "worst" ob ject is the singularity defined by xP + yq. A versal deformation of xP + yq fixing the semigroup (p, q), 'p < q and gcd(p, q) = 1, is given by where
given by Ft(x, y) = F(x, y, t) T = SpecC [T] . Then the family X --+ T has the following properties: 
The kernel of the Kodaira-Spencer map is a Lie algebra C which is a finitely generated C[T]-module and has the following property:
2.1 For t, t' E T the singularities Xt and Xt' are isornorphic iff t and t' are in the same integral rnanifold of C, i.e. T / C is a dassifying space for all singularities with semigroup (p, q).
T has a natural C* -action defined by deg Ta = -a. This C* -action is induced by the C*-action on quasiaffin-e and of finite type o~er C. lt is a coarse moduli space for the fÜnctor which associates to any complex space S the set of isomorphism classes of fiat families (with section) over S of plane curve singularities with fixed sernigroup (p, q) and fixed Hilbert function r:(t) = µ -f of the Tjurina algebra.
Let TTmin be the open dense subset of T defined by singularities with minimal
Tjurina number Tmin· Then there exists an a such that TTmin = u~ for a suitable a. In particular, the geometric quotient TTmin/ L exists and is a coarse moduli space for curves with semigroup (p, q) and Tjurinanumber Tmin· TTminf L 1s locally isomorphic to an open subset of a weighted projective space. 
Proof:

t EU~ iff rank (öa(Tß)(t))ßsa+•p =: ri(t) (a
3). This implies by definition of T;(t), ei(t) = µ(Xt) -Tri(t).
2. This follows from the fact that u: is locally a versal family for singularities with fixed semigroup and Hilbert function and that u: / .L is a geometric quotient.
3. Is proved in [LaP] . (these can be computed using the algorithm given in [LaP] Calculation shows:
D(t)(2t 2 C(t) -t 1 D(t) -C(t)(C(t)(3t 3 + t 1 t 2 ) -2t 2 D(t)) f. O}
U4
-{t 1 f(t) = (1, 1,2,3,4)} Uif .C exist and are a coarse moduli space for such singularities with corresponding fixed value of r;.
(t) = B(t) = ti(9t 1 C(t)-11D(t)) = 0 and
C(t) 2 -t 1 E(t) f. 0 or D(t) 2 -( 1~ ) 2 ti E(t) f. O} U5 - {t 1 f(t) = (1, 1, 2, 2, 3)} - {t 1 A(t) = B(t) = C(t) 2 -t1E(t) = D(t) -
Remark:
1. lt is not always possible to choose a = p for the filtration to obtain TTmin as one stratum in the corresponding stratification. In the case p = 13, q = 36 we have to choose a = 9 (cf. (LaP] 
family X ----+ T has the following properties:
1.1 X----+ T is a versal deformation of SpecC [[x,y] ]/(xP + y9) 2 + xa yß fixing the semigroup (2p, 2q, 2pq + d).
1.2 Every plane curve singularity with semigroup (2p, 2q, 2pq+d) is represented in this family. 
2. The Kodaira-Spencer map of the family X -+ T is given by
The kernel of the Kodaira-Spencer map is a Lie algebra [, which is a finitely generated 
This defines vector fields 8aq+pb of the kernel of the Kodaira-Spencer map by 8qa+pb( Hs) = ~ E;a+pb and 8qa+pb(Ws) = n;a+pb. [, is generated as C [H, W]-module by the vector fields {8 8 }.
These vector fields have the following properties:
Now it is not difficult to see that
-(i,j) E B 1 and iq + jp 2::
From these properties we deduce that already This implies that T --+ T / .C is a geometric quotient and in particular
We obtain as in section 2: For details of the proof see [LuP] . Note that we did not need to stratify in this case. Lemma 4.1 
( with the convention Aij = 0 if j < 0, >..;, 0 = 1 ).
Remark:
c-1
Furthermore L := 2: Cöe is an abelian Lie algebra. 
where Mt is the module corresponding to t E T, i.e. E(t) is the Hilbert function of R/ EndR(M) with respect to the filtration End•(M). EndR(M) . The quotients of these strata by L are coarse moduli spaces for Rmodules ( torsion free, rank 1) with value set r and Hilbert function the corresponding value. On the union of two of these strata the orbit dimension of L is constant but the quotient does not exist.
